Abstract-Previous works on edge-fault tolerance with respect to hypercubes Q n are mainly focused on 1-edge fault and 2-or 3-edge fault with limited size of n. We give a construction scheme for 2-EFT(Q n ) graphs and 3-EFT(Q n ) graphs, where n is arbitrarily large. In our constructions, approximately log n extra degree is added to the vertices of Q n for 2-edge-fault tolerance, and one more degree for 3-edge-fault tolerance.
INTRODUCTION
E usually use a graph to represent the architecture of an interconnection network, where nodes represent processors and edges represent communication links between pairs of processors. Faults may occur in nodes and/or edges of an interconnection network. We restrict faults to edges only in this paper. We first formally define edge-fault tolerance in graph terminology, which was proposed by Harary and Hayes [4] . Let G 1 = (V, E 1 ) be a graph and G 2 = (V, E 2 ) be a subgraph of G 1 . We use G 1 -G 2 or G 1 -E 2 to denote the graph obtained from G 1 by removing all edges in E 2 . Given a target graph H= (V, E), let G = (V, ¢ E ) be a supergraph of H. G is said to be k-edge-fault-tolerant with respect to H, denoted by k-EFT(H), if for any F ⊆ ¢ E and ÖFÖ = k, G -F contains a subgraph isomorphic to H, which is called a reconfiguration for k-edge fault F (or simply a reconfiguration). A reconfiguration can be viewed as a relabeling of vertices of G such that G -F contains H. The graph G * is said to be optimal if G * contains the smallest number of edges among all k-EFT(H) graphs. The target graph always represents some popular interconnection network for which many communication softwares are available. Extra edges are added to the target graph such that when edge faults occur, the network can be reconfigured to obtain the target graph.
Meshes and hypercubes are important network topologies. Edge-fault tolerant graphs with respect to meshes and hypercubes have been studied in [1] , [2] , [4] , [6] , [7] . In particular, let Q n be an n-dimensional hypercube. An optimal 1-EFT(Q n ) graph G * has been proposed in [1] , [4] , [7] which is given by adding to Q n the set of edges {(v, v )Ñfor all v}, where each entry in v is the complement of that in v. This 1-EFT(Q n ) graph is called folded hypercube in [3] . Since we can construct optimal 1-EFT(Q n ) graphs G * , the question whether k-EFT(Q n ) graphs for k ≥ 2 can be derived from G * naturally arises. In this paper, we study multiple-edge-fault tolerance with respect to hypercube Q n .
Bruck et al. [1] used a vector-space approach to developing 1-EFT(Q n ) graphs with one additional wildcard dimension and used techniques from error-correcting codes to add wildcard dimensions to meshes and tori for edge-fault tolerance. They also showed that only a single wildcard dimension can be added to hypercubes. This implies that we cannot apply directly the concept of wildcard dimension to construct k-EFT(Q n ) graphs for k ≥ 2. Shih and Batcher [6] employed vector-space concept and presented necessary conditions of a so-called redundancy matrix for constructing a k-EFT(Q n ) graph, which is given by the adjacency relationship of the additional edges to Q n (Theorem 1 in [6] ). They developed an ad hoc program to generate a matrix satisfying the necessary conditions and verify its sufficiency for edge-fault tolerance. They could construct k-EFT(Q n ) graphs for only k = 2, 3 and n ≤ 26 due to tremendous computation effort required in this program. We, instead, give an analytical scheme for the construction of 2-EFT(Q n ) graphs and 3-EFT(Q n ) graphs, where n is arbitrarily large. In our constructions, the 3-EFT(Q n ) graph has exactly one more edge for each vertex than in the 2-EFT(Q n ) graph. Approximately, log n extra degree is added to Q n for 2-edge-fault tolerance.
DEFINITIONS AND NOTATION
A hypercube of dimension n, denoted by Q n = (V, E), is an undirected graph consisting of 2 n vertices and n2 n-1 edges.
Each vertex v has an n-bit binary 
Furthermore, we also use N(v) to denote the n × n matrix with row i corresponding to N i (v).
Given a k-EFT(Q n ) graph G, the set of edges added to Q n is denoted by A. We use A(v) to denote the set of neighbors adjacent to v which constitute edges in A. A(v) is also used to represent the matrix with each row corresponding to a neighbor in A(v). In a specific reconfiguration R(F) for a k-
, R n (v) and the n × n matrix with the ith row corresponding to R i (v) interchangeably. Take Q 3 and an arbitrary 1-edge fault F= {(001, 101)} as an example. We il- , i k and columns j 1 , , j l . For example, the 2 × 2 submatrix of A(v) consisting of rows i 1 , i 2 and columns j 1 , j 2 is denoted by
The entry located at the ith row and jth column, M [i, j] , is written as M ij .
All matrix and vector operations in this paper are defined over Galois Field GF (2) 
CONSTRUCTION OF A k-EFT(Q n ) GRAPH
Consider a hypercube Q n . Let v 0 denote the node (0, , 0)
is an identity matrix of size n, denoted by I n . Let (u, v) be an ith edge. It follows that u -v = e i where e i is the ith unit vector. Therefore, N(v 0 ) can also represent address differences of all the edges incident at any specific vertex. In other words,
where 1 _ is a column vector of 1s. Note that (2) n . In this paper, we require in all reconfigurations for edge faults, R v v a f -◊ 1 _ for each vertex has the same full rank property as in Q n . To be specific, we aim at constructing k-EFT(Q n ) graphs such that in all reconfigurations, rows in R(v 0 ) span GF (2) n , and
In this manner, R(v 0 ) in a reconfiguration can represent address differences of the edges incident at any specific vertex. Thus, it is essential to find an invertible R(v 0 ).
Based on the above discussion, we construct k-EFT(Q n ) graphs using the following relationship:
Our construction scheme always yields vertex-symmetric k-EFT(Q n ) graphs. To find an appropriate A(v 0 ), it is required that after exclusion of k arbitrary rows from
there exists an invertible n × n submatrix R(v 0 ). Our construction and verification of k-EFT(Q n ) graphs proceed as follows:
Step1: Construct A(v 0 ).
Step2: Show that after exclusion of k arbitrary rows from
, there exists an invertible n × n submatrix
R(v 0 ).
Step3: A reconfiguration can be obtained according to (2 Let F 1 be a k-edge fault given by 
any reconfiguration is a zero vector which is a contradiction. Hence, the lemma follows. 
For example, when 5 ≤ n ≤ 11, we have r = 4, and r = 5 for 12 ≤ n ≤ 26. From now on, we use G to denote the k-EFT(Q n ) graphs constructed according to (1) 
and (3).

A 2-EFT(Q n ) GRAPH
To construct a 2-EFT(Q n ) graph, we find A(v 0 ) from M r with r being appropriately chosen as stated before. We arbitrarily choose n columns of M r to define A(v 0 ). In this construction, r is the extra degree added to each vertex in Q n . Since M r satisfies (C-1) and (C-2), A(v 0 ) also satisfies (C-1) and (C-2). On the other hand, we will show in the following lemma that A(v 0 ) is sufficient for 2-edge-fault tolerance. (2) n for all v in these reconfigurations. Thus, we conclude the above discussion in the following theorem. (2) n for all v in reconfigurations for any 2-edge fault.
Since the extra degree r is the minimum integer satisfying (4), our proposed A(v 0 ) contains the least number of rows (neighbors) under the proposed framework. We summarize in Table 1 the extra degree r in our constructed 2-EFT(Q n ) graphs for various n. It follows from the definition of the r m matrix M r that m = max n = 2 r -r -1. Therefore, we have the following remark.
REMARK. The extra degree r is approximately log n for Q n , and log n + 1 will suffice. (Actually, r log n + log 1 + log n n e j , to be more precise.)
In the following, we use an example of a 2-EFT(Q 5 ) graph for illustration. It can be easily seen that r = 4, and we choose , respectively. We use the following faults to illustrate its 2-edge-fault tolerance.
• Let F 1 = {(11001, 11101), (10101, 10001)} be a 2-edge fault.
We can choose the edges (v, A 1 (v)) or the edges (v, A 4 (v)) to replace all of the third edges.
• Let F 2 = {(11001, 11101), (10111, 11111)} be a 2-edge fault.
We use the edges (v, A 1 (v)) and (v, A 3 (v)) to replace all of the second and the third edges.
• Let F 3 = {(11001, 11101), (00101, 11001) } be a 2-edge fault. 
The choice of r also follows as stated before. We add r + 1 edges to each vertex, and A(v 0 ) is given by any n columns of We conclude the above analysis in the following theorem. (2) n for all v in reconfigurations for any 3-edge fault.
A(v 0 ) for 3-edge-fault tolerance is constructed from A(v 0 ) for 2-edge-fault tolerance with one additional edge for each vertex. Since the 2-EFT(Q n ) graph constructed in Section 4 contains the least number of edges under the proposed framework, the 3-EFT(Q n ) graph constructed in this section is also minimal in the same sense.
DISCUSSION
Constructions of k-EFT(Q n ) for k ≥ 4 are still what we seek for. Let A be an r × n submatrix of M r . For ease of exposition, we choose A to be the first n columns of M r . Let τ be a permutation on {1, 2, , n}. We define A 1 = A and A 2 as the matrix obtained from A with columns arranged according
, and
where t is the row vector as defined for T r+1 in Section 5. Let S 1 (j) = {lA lj = 1} and S 2 (j) ={lA lτ (j) = 1}. We use ' to denote the symmetric difference between two sets, e.g., S 1 (j 1 ) ' S 1 (j 2 ) = (S 1 (j 1 ) -S 1 (j 2 )) ª (S 1 (j 2 ) -S 1 (j 1 )). To construct a 4-EFT(Q n ), we restrict τ to satisfy the following conditions.
• If ÜS 1 (j 1 ) ' S 1 (j 2 )Ì = 1, then ÜS 2 (W (j 1 )) ' S 2 (W (j 2 ))Ì 2.
• If ÜS 2 (W (j 1 )) ' S 2 (W (j 2 ))Ì = 1, then ÜS 1 (j 1 ) ' S 1 (j 2 )Ì 2.
It follows that D and ¢ D satisfy (C-1) and (C-2) for k = 4 and k = 5, respectively. We have the following conjecture: It is hard to show that D and ¢ D are also sufficient for edgefault tolerance. Furthermore, characterizing such a permutation τ is also difficult.
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